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GENERALIZED TRANSLATION OPERATOR AND 
APPROXIMATION IN SEVERAL VARIABLES 

YUAN XU 



Abstract. Generalized translation operators for orthogonal expansions with 
respect to families of weight functions on the unit ball and on the standard 
simplex are studied. They are used to define convolution structures and mod- 
ulus of smoothness for these regions, which are in turn used to characterize 
the best approximation by polynomials in the weighted spaces. In one 
variable, this becomes the generalized translation operator for the Gegenbauer 
polynomial expansions. 



u 

, 1. Introduction 

Let wx denote the weight function w\{t) = (1 — t^)^^^/'^ on [—1, 1]. Let be 
the normahzation constant of wa, h"^^ — J^-^ 'Wx{s)ds. The orthogonal polynomials 
with respect to w\ are the Gegenbauer polynomials C,^ . The generalized translation 
operator with respect to wx is defined by 

(1.1) TJ{t) = bx^i/2 f I (st + u^/l-s^^/l-t^) (1 - u^f'^du. 

\ It plays the role of translation for the trigonometric series and can be used to define 

■"sj" ■ a convolution structure / * g for /, 5 G L^{'Wx, [— 17 l])j 

O 

a as introduced by Gelfand ^21 and Bochner (Til]. The convolution and the general- 
ized translation operator have been used to study Fourier orthogonal expansions in 
^ . Gegenbauer polynomials (see, for example, pil51IBl [m r22 23 , 28 ). Using the prod- 

uct formula of the Gegenbauer polynomials, the generalized translation operator 
can also be defined by the equation 



^. (1.2) {f*9m = bx f{s)Ttgis)wx{s)ds, 

^— > ■ J-i 



X 

(1-3) - §||yC^W, ^ > 0. 

The purpose of this paper is to study the generalized translation operator for 
weight functions defined on the unit ball B"^ = {x : \\x\\ < 1} C K'' and on the 
standard simplex 

T'^^ixeR'^ ■.xi>0,...,Xd>0,l-\x\>0}, \x\ ^ xi + . . . + Xd, 

in M'' and use them to study weighted approximation and orthogonal expansions 
in several variables. To define the weight functions, we start from the reflection 
invariant weight function considered by Dunkl |l,Sj . 
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For a nonzero vector w e M'*, let Uv denote the reflection with respect to the 
hyperplane perpendicular to w; that is, xa-^ :— x — 2{{x , v) / \\v\\'^)v , x e W^^ where 
(x, y) denote the usual Euclidean inner product and ||a;|| denote the usual Euclidean 
norm = {x,x). The weight function is defined by 

(1.4) K{x)^ n l(^'^)r"' ^eM^ 

in which i?+ is a fixed positive root system of R'', normalized so that ~ 2 

for all V G and k is a nonnegative multiplicity function v i— s- «;„ defined on i?+ 
with the property that k„ = whenever Uu is conjugate to CTu in the reflection 
group G generated by the reflections {cr^ : v G R+}- Then /i^ is invariant under 
the reflection group G, a subgroup of the orthogonal group. The simplest example 
is given by the case G — for which /i^ is just the product weight function 

d 

(1.5) K{x) ^\{\x,\''\ >0. 

i=l 

Other examples include weight functions invariant under the symmetric group and 
the hyperoctahedral group, 



n \x^-x^^ and ni^^i'° n 

l<i<j<d i=l l<i<j<d 

respectively. 

The weight functions on the unit ball B"^ that we shall consider are of the form 

(1.6) W^,^{x) ^ hlix){l ^ e i?^ 

where ^ > and /i„ is a reflection invariant weight function as in (|1.4|l . and the 
weight functions on the simplex that we shall consider are of the form 

(1.7) Wl^ix) ^ hli^u \x\r-'^'/^xi---xa, 

where /i > and /i^ is a reflection invariant weight function as in (|1.4|l . and we 
assume that is even in each of its variables (for example, weight functions invari- 
ant under and the hyperoctahedral group on M.'^). These include the classical 
weight functions on these domains, which are 

(1.8) W^^^(x)-(l-||x||Y-i/2, xeB'i, 
on the unit ball (taking hi^{x) — 1) and 

(1.9) W^{x) = xt'-'/' ■ ■ ■ xT^I\\ ~ \x\r-^^-'l\ X G T\ 

on the simplex (taking hf^(x) = IliLi l^^df ^'^'^ 'td+i — m)- For d—\, VF^(x) is the 
Jacobi weight function on the interval [0, 1]. 

The orthogonal structures for VF^^ on the ball and for VF^^ on the simplex 
are closely related to the orthogonal structure of /i-harmonics on the unit sphere 
S'^ — {x : ||x|| = 1} of Our study of the generahzed translation operators 

relies on that of the weighted spherical means, studied in [3^1 |2Z], which are the 
generalizations of the usual spherical means 

(1.10) T,j{x) = ] f f{y)dcj{y), 
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where ad = /gd da; = 271^'^+'^^/^ /r{{d+l)/2) is the surface area of S'^. The weighted 
spherical means are defined impHcitly via an integral relation. In |H7j the weighted 
means were used to define a modulus of smoothness, which was shown to be equiva- 
lent to a K-functional and used to characterize the weighted best approximation 
by polynomials. The similar K-functional was also defined and used to characterize 
the weighted best approximation on B"^ and on T'^, but the modulus of smoothness 
was not defined since the analog of the spherical means for B"^ and T'^ seemed to be 
artificial. It has been realized only recently in 38 that the analog of the spherical 
means for B"^ and T*^, as generalized translation operators on these regions, are of 
interests. Since the main purpose of 38, is to define weighted maximal functions 
and use them to prove results on almost everywhere convergence, the generalized 
translation operators themselves were not studied there. We complete this circle of 
ideas in the present paper. 

One of our results gives an explicit integral formula for the generalized translation 
operator with respect to the classical weight function in H1.8|) on the unit ball 
(see (|3.9|l . which extends the formula 1)1. l|l to several variables. No integral formula 
is known for any other weight functions. 

The paper is organized as follows. In the next section we recall the background 
and results for /i-harmonics and the weighted spherical means. The results on the 
unit ball are presented in Section 3 and the results on the simplex appear in Section 
4. 

2. Weighted spherical means and weighted approximation on S"*^^ 

Let be the reflection invariant weight function defined in 1)1.4(1 . We denote by 
Ore the normalization constant of /i^, a^^ — Jgd-i h\{y)dio, and denote by LP{hf.), 
1 < p < oo, the space of functions defined on S'''"^ with the finite norm 



and for p = oo we assume that L°° is replaced by C{S'^), the space of continuous 
functions on S'^^^ with the usual uniform norm ||/||oo- The case k = corresponds 
to the usual (unweighted) space on S"^'^. 

2.1. Background. The essential ingredient of the theory of /i-harmonics is a family 
of first-order differential-difference operators, 2?i, called Dunkl's operators, which 
generates a commutative algebra; these operators are defined by (^3) 



where ei, . . . , £d are the standard unit vectors of M . The /i-Laplacian is defined by 
A/i ^ Vf + . . . + and it plays the role similar to that of the ordinary Laplacian. 
Let V!^ denote the subspace of homogeneous polynomials of degree n in d variables. 
An /i-harmonic polynomial P of degree n is a homogeneous polynomial P S 
such that A/jP = 0. Furthermore, let Ti'^{h\) denote the space of /i-harmonic 
polynomials of degree n in d variables and define 




1 < p < oo. 




l<i<d. 
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Then (P, 0)„ = for P e HUhl) and Q e n^_i, where denote the space 
of polynomials of degree at most n in d variables. The spherical /i-harmonics are 
the restriction of /i-harmonics on the unit sphere. It is known that dim7i„(/i^) = 
dimVi - dimT'.f.z with dimT'^ = 

In terms of the polar coordinates y — ry', r = \\y\\, the ft,-Laplacian operator 
takes the form ( j35| ) 

. 2X^ + 1 d 1 . 

= TT^ H 1 tA/i.o, 

where A;i.o is the (Laplace-Beltrami) operator on the sphere, and throughout this 
paper, we fix the value of as 

(2.1) A := A„ = 7k + ^^-^ with 7k = X! 

Applying A/i to /i-harmonics Y e Hnihl) with Y{y) = r'^Y{y') shows that spherical 
/i-harmonics are eigenf unctions of l^hsh that is, 

(2.2) ^n.»Y{x)^^n{n + 2K)Y{x), x € S^~\ YenfM)- 

For further background materials, see |13[I14) and the references in |14| . 
The standard Hilbert space theory shows that 



n=0 

That is, with each / g L^(h^) we can associate its /i-harmonic expansion 

oo 

f{x)^Y.^,,{hl-J,x), xeS" 



in L^{h^) norm. For the surface measure {k = 0), such a series is called the Laplace 
series (cf. p,5, Chapt. 12]). The orthogonal projection Y^ihl) : L'^ihl) ^ 'hUhl) 
takes the form 

(2.3) Y^{hl;f,x):= f f{y)Pn{hl:x,y)hl{y)duj{y), 

where the kernel Pn{h\] x, y) is the reproducing kernel of the space of /i-harmonics 
Hn{h^) in L^(/i^). The kernel Pn{h^', x, y) enjoys a compact formula in terms of the 
intertwining operator between the commutative algebra generated by the partial 
derivatives and the one generated by Dunkl's operators. This operator, V^, is linear 
and it is determined uniquely by 

v^vt^vt V,V^ = V^d,, l<i<d. 

The formula of the reproducing kernel for H^(/i^) is given in terms of the Gegen- 
bauer polynomials 

(2.4) Pn{hl-,x,y) = 'l±^V^[Ct{{:ymx). 

An explicit formula of is known only in the case of symmetric group ^3 for 
three variables and in the case of the abelian group Zj. In the latter case, is an 
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integral operator, 

« d 

(2.5) VJix)^cJ f{xih,...,Xdtd)T\{l+t,){l-t^r^-^dt, 

where Ck is the normaUzation constant determined by VkI = 1, Ck = • ■ . Ck^ and 
c^^ = J_i{l — t^Y^'^dt. If some Ki ~ 0, then the formula holds under the limit 
relation 

hm CA / /(t)(l - tf-^dt = [/(I) + /(-l)]/2. 

One important property of the intertwining operator is that it is positive ('|25p. 
that is, V^p > if p > 0. One can also study the dual of this operator, as in \60\ . 

2.2. Weighted spherical means, convolution and approximation. We recall 
the results developed in [361 \67\ . some of which will be needed later and others are 
cited to show what can be expected in the cases i?'' and T'^. For / e LP{h?^) and 
g € L^{w\; [—1, 1]), we define a sort of convolution 

(2.6) {J^^g){x):^aJ f {y)VM{x . ■ my)hl{y)duj . 

For the surface measure {hi^{x) = 1 and = id), this is called the spherical 
convolution in jl2| . and it has been used by many authors, see, for example, [HIIZI 
1191 1211 I26j . It satisfies many properties of the usual convolution in M.'^. The 
weighted spherical means, Tg, with respect to /i^ is defined implicitly by the formula 

(2.7) 6a / Tg^f{x)g{cos9){sm9Y^de ={f^^g){x), 0<9< tt. 

Jo 

where g is any L^(w\) function. For k — 0, V^, = id, the weighted spherical means 
coincide with the weighted means Tgf in H1.10|l . Many properties of Tgf, given in 
01221 J can be extended to the weighted means Tgf. In particular, we have 

\mf\\.,P<\\f\\.,P and lim||r,«/-/||,,p = 0. 

u — >U 

Consequently, the following definition of a modulus of smoothness, LOr{f]t)K,p, 
makes sense. Let r > 0, for / S LP{hf.), 1 < p < oo, or / € C(S'''~^), define 

(2.8) tOr{f,t)^,P-^ sup \\{I-nV^^.,p. 

o<e<t 

For the unweighted case (k = 0), such a definition was given in |26| and the case r 
being an even integer had appeared in several early references (see the discussion 
in |26jV One of the important properties of this modulus of smoothness is that it 
is equivalent to a K-functional. 

Let r > 0. Recall the equation (|2.2|) . We define {-AhfiY^^g by 

oo 

i-A.^oP'g ^ ^(n(n + 2K)r/'Yr,{hl;g). 

n=l 

Furthermore, define the function space yVP(/i^) by 
^^ihl) = {/ e L^ihl) : (fc(fc + 2X))iP,{hl;f) = Pkihl;g) some g € LP{hl)} . 
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The K-functional between LP{hf,) and W^{h^) is defined by 

(2.9) i^.(/;t)„,p:=inf{||/-.g||..p + <'-||(-A,.or/2g||K,p, geW^{hl)}. 
It is equivalent to the modulus of smoothness in the following sense: 

Theorem 2.1. For 1 < p < oo, there exist two positive constants ci and C2 such 
that for f e LP{hl), 

The modulus of smoothness or the K-functional can be used to characterize the 
best approximation by polynomials. Let 

Enif)n,p :=inf{||/-P||,,p:PenfJ, 

We state the direct and the inverse theorems in terms of the modulus of smoothness. 

Theorem 2.2. For f e LP{hl), l<p<oo, 
On the other hand, 

n 

0Jr{f, n-i),,p < cn-'- Y,{k + \Y-^Ek{f)..p. 

These theorems are proved in [3^1 EH j following closely the method developed 
in where these theorems were essentially established in the case k — Q. For 
results in the unweighted cases, see also Q^l- The problem of best approximation 
has been studied by many authors. We refer to P 11^1^11^ 124 26 . 31 and the 
references therein. 

One can study summability of ^.-harmonic expansions (see 1321 1341 and the 
convolution structure 7k-„ is useful in this direction (see [361 138p . For summability 
of the ordinary harmonic expansions (unweighted case), we refer to |51[7llUl [THlll9l 
1211 1221 and the references therein. 

In the case of usual surface measure on S'''"^, there are various other moduli of 
smoothness that have been used to characterize the best approximation; see, for 
example, |27[ 1^ . It would be nice to define one that can be given explicitly for 
the weighted case. 

3. Generalized translation operator and Approximation on B"^ 

Recall the weight function Wj^ ^{x) defined in (|1.6|l . in which is an reflection 
invariant weight function defined on . Let a^./j denote the normalization constant 
for W^^. Denote by i^(VF^^), 1 < P < oo, the space of measurable functions 
defined on B'^ with the finite norm 

\\f\\wB^,j, := (a-.P^^ \f{x)\m^^^{x)dxY\ 1 < p < ex., 

and for p = oo we assume that L°° is replaced by C{B'^), the space of continuous 
function on B"^. 
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3.1. Background. Let V^(M^^^) denote the space of orthogonal polynomials of 
degree n with respect to VF^^^ on B"^. Elements of V^(W^^^) are closely related to 
the /i-harmonics associated with the weight function 



on M'^+^j where /Ik is associated with the reflection group G. The function /i^^^ is 
invariant under the group G x Z2. Let Yn be such an /i-harmonic polynomial of 
degree n and assume that F„ is even in the (d+l)-th variable; that is, Yn{x, Xd+i) = 
Yn{x, —Xd+i)- We can write 

(3.1) y„(y) = r"P„(a;), y = r{x, xa+i) e r = \\y\\, {x,Xd+i) € S'', 

in polar coordinates. Then P„ is an element of V^(VF^^) and this relation is an 
one-to-one correspondence f|34)'). Under the changing variables y 1— > r{x,Xd+i), 
h-K.fj. becomes W,^^ and the elementary formula 

dx 



(3.2) / P{y)dij^ / P{x,^l-\\xP) + Pix,-^l-\\xP) 



shows the relation between their normalization constants. 

Let A^''* denote the /i-Laplacian associated with anu q 
responding spherical ft,-Laplacian. When Ajj;'^ is applied to functions on M'^+^ that 
are even in the (rf+ l)-th variable, the spherical /i-Laplacian can be written in polar 
coordinates y — r{x,Xd+i) as (|2Sj): 

A^;^-A„-(x,V)2-2(A, + ^)(x,V), 

in which the operators IS.h and V = . . . , dd) are all acting on x variables and 
Aft is the /i-Laplacian associated with on R'*. Define 

Di^ Aft - (x, V)2 - 2(A« +M)(a;, V), 

as an operator acting on functions defined on B'^. It follows that the elements of 
V,f (M^K,/i) are eigenfunctions of D^^: 

(3.3) Dl^P=-n{n + 2\, + 2^i)P, P (^Vt{W^^^). 

For the classical weight function W^{x) = (1 - ||a;|p)^^^/^, the operator D^^^ 
becomes a pure differential operator which is a classical result going back to Hermite 
(see g] and ^ Chapt. 12]). 

For / G L'^{W^_^), its orthogonal expansion is given by 

00 00 

n=0 n=0 

where projJJ''^ : L'^iWj^^) ^ "^tiW^fj) is the projection operator, which can be 
written as an integral 

(3.4) proj;;'^/(^)-a«,M / f{y)Pn{W^,^.-x,y)W^^^{y)dy, 

where Pn{W^ ^;x,y) is the reproducing kernel of V'^{W^^). The intertwining op- 
erator associated with denoted by Vk,^, is given in terms of the intertwining 
operator associated to and the operator associated to h^{x) — \xd+i\^^ 
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X e M'*+^, which is given expUcitly by (|2.5(l (setting d = 1 and m — fi there); that 
is, ^ 

14,^/(2:, Xd+i) ^c^J VMi-,Xd+imx){l + t)il- t'Y-^dt, 

where x G M"^. Since polynomials in Vn{W^ ^) correspond to /i-harmonics that are 
even in the last coordinates, we introduce a modified operator 

(3-5) V^^^f{x,xd+i) := [Vf,.y,f{x,Xd+i) + V,,^^f{x,-Xd+i)] 

= y" ^ v^[f[-,xd+it)]{x){i - er-^dt, 

acting on functions defined on ]R'^+^. 

3.2. Generalized translation operator. For weight W,^^ on B'^, we define a con- 
volution, denoted by as follows: For / e L^{W^^^) and g £ L^(wa^+^, [—1, 1]), 

5)(^) = / /(2/)0((^' ■))iY)W^^^iy)dy, 
Jb'' 

where X = {x, y/l — ||a;P) and Y — {y, \/l — |iy|p). The properties of this con- 
volution can be derived from the corresponding convolution on the sphere. Let 
/*K,Ai 9 denote the convolution defined in H2.6|l with respect to In fact, H3.2|l 

immediately implies the following proposition. 

Proposition 3.1. For f e L^{W^^^) and g e L^{wx^+f„ [-1, 1]), 

(/ 9){x) = {F -k^^^, g){x, Vl - |la;P), where F{x, Xd+i) := f{x). 

We now define the generalized translation operator on B'^ implicitly via the 
convolution operator. 

Definition 3.2. For f e L^{W^^^), the generalized translation operator Tg{Wi^^^^; f) 
is defined implicitly by 

(3.6) bx+^ r Te{W^.^- f,x)g{cose){sinef^+^^de = (/<^ff)(x), 

where A — A^, for every g £ L^{w\+fi, [—1, 1]). 

The generalized translation operator 7e(T/F^^) is related to the weighted spheri- 
cal means associated with the weight function h,^^^ on S"^. For F E L^{hf^ ^), denote 
the weighted spherical means by Tg'''''F as defined in H2.7|l . From the definitions of 
Te{Wi^^) and Tg''^, Proposition 13 . II shows that the following relation holds: 

Proposition 3.3. For each x E B"^ the operator Tg{Wi^^; f,x) is a uniquely 
determined L°° function in 9. Furthermore, define F{x, Xd+i) — f{x); then 

(3.7) T,(W^i^^;/,x)=r«^^i^^(x,Xd+i), x E B'', Xd+i = ^1 " II^P- 

We could of course define the generalized translation operator by the formula 
()3.7(l . The convolution however, will be used in the following section. These 
relations allow us to derive the following properties of the generalized translation 
operator. 
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Proposition 3.4. The generalized translation operator Tg{Wl^^^\ f) satisfies the 
following properties: 

(1) Let foix) = 1, then Te{Wl^- fo, x) = 1; 



(2) ForfeL'iW^^^), 



L^n (1) 

(3) TeiW^^J : ^ and 



„=o f-^" UJ 

(4) i^or < 6* < TT, 

fisinsy^-^'^ds f Tt{W^,^-Dij){sintf^^+^^dt- 
Jo Jo 

(5) For f e L^M^i^^), 1 < p < oo, or / G C{B^), 

\\Te{W^.,^; f)\\w-^^,p < \\f\\wB^,p and lim \\Te{W^,^; f) - f\\wB^,p = 0. 
Proof. All these properties follow from the integral relation H3.2|) . the relation 



(3.8) P„(W^i^^;x,y) = -[y„(/i2^^;(a;,yrrpF),(y,yr^yF)) 

+ Y^{hl^-, {x, yT~NF), (2/, - v/T~yF)) 

the connection between Tg{W^^; f) and Tg'^F in Proposition l3.4l and the corre- 
sponding relations for Tg '^F in |2Z]. Recall the projection operator Yn{h\ ^;F) of 
/i-harmonics defined in H2.3I) . The relations (|3.2|) and (|3.8|) show that 



proj«'^ f{x) = Y,,{hl^; F, X), X = (.x, ^JT^W)- 

Hence, it follows from Proposition 13.41 and property (2) of Proposition 2.4 in [ST] 
that 

proj;;'^ Te{W^^^- /, x) = proj,!'^ T;^^F{X) = Y,,ihl^,;T,^'^F, X) 

C„^+^(C0S^) prof - f W 

This proves (2). The property (3) follows from (2). Since F{x,Xd+i) ~ f{x) 
is evidently even in xa+i, the definition shows that Aq'''F(x, x^+i) = D^^f{x). 
Consequently, by the definition of Tg'^ and 13.7|l . we conclude that 

r«'''Ao«-^F(a:, xa+i) = Tg{W^^^- D^^f, x), 

from which the property (4) follows from the corresponding property of Tg'^ (Propo- 
sition 2.4 in inZI)- Finally, to prove the property (5), we note that it follows from 
the definition of V^,^^ at (|3.5|l that 

[9{{{x, -Xd+i), •))] (y, Vd+i) = V;.,,x [9{{{x, Xd+i), ■))] {y, -ya+i) 



10 



YUAN XU 



Hence, the definition of Tg'^ shows that Tg''^F{x,Xd+i) — Tg'^F{x,—Xd+i)- Con- 
sequently, by (|3.2|l . 



Te{W^^^;f,x)fWl^ix)dx= / Tg^-^F{x, ^1 - \\x\\^) WPJx)dx 

\n-'F{y)\^hlJy)dy. 

Let IHU./i.p denote the LP{hf,^^) norm on S"*. For f{x) = F{X), we have ^.p = 

||-P||k,/j,p- Hence, the property (5) follows from the corresponding property of Tg'^ 
(Proposition 2.4 in 'JT?). □ 

Recall the definition of the generalized translation operator for the Gegenbauer 
expansions at Hl.l|l . The reason that Tg{W^^) is called the generalized translation 
operator lies in the property (2), since for d = 1 and k = the property (2) agrees 
with l(0|l . 

Once the generalized translation operator is defined, we see that (|3.6I) expresses 
the convolution of / ^ 5 as an integral of one variable. For g e L^{w\, [—1,1]), 
its Gegenbauer expansion can be written as 

^W-E^n^^nW. ^here = 6a / 9{s)-^w,{s)ds, 

since the L'^{w\, [—1, 1]) norm of is equal to C^(l)A/(n + A). Hence, it follows 
from the property (2) of Proposition 13.41 that 

which is the analog of the familiar property f * g — / • 5 of the ordinary convo- 
lution. The convolution also satisfies several other properties of the ordinary 
convolution. For example, it satisfies Young's inequality: 

Proposition 3.5. For f e i''(VK^,J and g e U{wx+^\ [-1, 1]), 

9\\wB^,p < \\f\\wB^^q\\g\\wx + ^,,r, 

where p,q,r > 1, = r^^ + q^^ — 1 and \\ ■ \\tu^_^^^r denotes the L^{w\^^, [—1, 1]) 
norm. 

This follows from Proposition 13.11 and Young's inequality for -k^^^ in [37) . 

3.3. Generalized translation operator for the classical weight W^. Recall 
the integral formula (|l.l|l of the generalized translation operator for the weight 
function w\ . In the case of the classical weight function W^f in (|1.8|) , it is possible 
to give an integral formula for the generalized translation operator in the same 
spirit. 

To see how such a formula may look like, we turn to a further relation between 
functions on B'^ and those on 5''+™, where m is a positive integer. For f{x) on i?'', 
define F{x,x') = f[x) on R'*+™. Then 

F{y)doj{y)^ f f{x)(l-\\xf)^^-''>^^dx. 

As shown in j this relation preserves orthogonal structure. This suggests a 
relation between T6)(W^; /) on B'^ and the ordinary spherical means Tef on 5"^+™, 
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similar to the one in ProDOsition l3.3l fwhich is the case m = 0). On the other hand, 
the spherical means is given by the formula Hence, it is possible to derive a 

formula for T6)(H/^; /) from that of spherical means. It is this heuristic argument 
that suggests the following formula. 

Let / denote the d x d identity matrix and define the symmetric matrix 

A{x) = (1 - Ikll^)/ - x'^x, X = {xi, . . . , Xd), 

where cc^ is the transpose of x {x"^ is a column vector). In the following, we take 
M e R'^ as a row vector. For u g W^, the inequality 1 — uA{x)u'^ > defines an 
ellipsoid in M'' (see below). 

Theorem 3.6. For in H1.8|l . the generalized translation operator is given by 
(3.9) Te{W^;f,x) = A, {V^-M^Y^' 

X / f (cos9x + sin9^/T~~\\^u) {l~uA{x)u^)''-^du, 

where Af^ — 1/ /gd(l ^ l|a;|p)^^"'^(ia; is the normalization constant for 

Proof. Although the explicit formula of V^f is known for , it does not seem 
to be easy to verify the defining formula 1)3. B|l directly. Instead, we will verify the 
property (2) of Proposition In other words, let Tgf denote the right hand side 
of we show that T* f = / for aU / e V^(H/^). It is known that one basis of 

V^(W^) consists of functions of the form C^+^'^"^^/^((.t, y)), y £ S'^ {^). Hence, 
it is sufhcient to show that 

^^+(^-1)72/ /IN 

T;ct:^('-'y\{x,y)) = " (,.,)),7\^ gr''^^^^/^((x,y)), y e s^. 

Cn (1) 

The matrix A{x) has eigenvalues 1 and ■\/l — \\x\\^ (repeated d — 1 times) and it is 
symmetric. Hence, there is a unitary matrix U such that 

A{x) = U{x)A{x)Uixf, A{x) = diag {l, ^1 - II^P, ■ • • , v^l - ll^ll'} • 

The columns of U{x) are the eigenvalues of A{x). In particular, the first column 
of A{x) is a;/||a;|| and the other columns of U{x) form an orthonormal basis of the 
null space of x'^x; that is, the other columns are mutually orthonormal and are also 
orthogonal to x. Changing variables u i— > uU{x) := v, the quadratic form becomes 

uA{x)u^ = vD{x)v^ ^vl + V'T~~|NF(«2 + • ■ • + v1), 
which suggests one more change of variables v i— > -^/l — ||a;|p vD^^(x) s with 

i?(x) =diag{Vl-||xP,l,...l}, 

so that the quadratic form becomes uA{x)u^ = ss'^ . Hence, the integral domain 
uA{x)u^ < 1 becomes B'^ in s variables. Since U{x) is unitary, we have du = dv = 
ds/{l — ||a;|p)(''~^^/^. Consequently, we have 

r;cr('^-i)/2((x,y)) 

= a„ / 0;,+^'^-^^^''^ {cose{x, y) +sixYe{s,yU{x)D{x))) {I- \\sfY~^ds, 
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where we have used the fact that {sD{x)U^ {x),y) = {s,yU{x)D{x)). Since the 
first column of U{x) is and U is unitary, the vector yU{x)D{x) has norm 

\\yUix)D{x)f = yUix)D^x)U^ix)y = yU{x)D''(x)U^ {x)y 

= yy^ - yU{I - D^)U^y^ ^l-{x,y)\ 

as ||y|| ~ 1 and / — = diag{||x||^, 0, . . . , 0}. Hence, using the formula 

A, I f{{x,y)){l-\\xfr-'dx = h^,+(a-3)/2 f f{t\\y\\){l~eY+'^''-'^'Ht, 
JB'' J-1 

which can be easily verified as the left hand side is invariant under the rotation, we 
conclude that 

Using the product formula for the Gegenbauer polynomials finishes the proof. □ 

For /i = 0, the integral formula of Tg{W^; f) holds under the limit and 
the integral domain becomes uA{x)u^ — 1. This case has been studied in [lijj . 
See also ^ in which a generalized translation operator is defined for the weight 
function x^^-^dcj on S'l — {x £ S"^ : Xd+i > 0}, which is related to T0{Wfj,; f), but 
no integral formula as above given there. 

If d = 1, then A{x) = 1 and 1 — u'^A{x)u = 1 — u^. Hence, the formula for 
Tg {W^ ■ /, x) when d—1 becomes 

Te{W/;^;f,x) = A^ I f (cosex + smey/l - x^u) {1 - u^)''-^du, 

J\u\<l ^ ' 

which agrees with the formula of Tcosefix) in Hl.l|l . 

The proof of the theorem also gives an alternative expression for Tg{W^ ; f). 



Corollary 3.7. Let U{x) be the unitary matrix whose first column is a;/||a;|| and 
D{x) = diag{^l - ||a;||2, 1, . . . , 1}. For in fjlHl . 



Tg{W^-j,x)=A^, / j{cosdx^si^dsD{x)\J{x)){\-\\sfY-^ds, 

In the above formula we take x and s as row vectors in . Recall that the first 
column of U(x) is and the other columns of V{x) are orthonormal vectors 

that are orthogonal to x (that is, (a;,^) — 0). Hence, we can write the formula for 
Te(W^; /) as an explicit integral over B''- . For example, in the case of o? = 2, 

In this case, it is more convenient to use the polar coordinates x — r cos and 
y — r sin where r > and < </) < 27r. 
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Corollary 3.8. For d — 2, x = rx' with x' = (cos 0, sin 0), 

A^, j f (rcosOx' + sin 6*512;' + sin 6IS22;') (1 - ||s|P)''^^ds. 

For d > 2 the formula of U (x) can be messy. For example, in the case d is odd, 
we do not have a simple formula. On the other hand, there are simple expressions 

of U (x) for d = 4, 8, As examples, we give the formula of U (x) for d = 3 and 

d = 4 below. 

/ xi 

I Ikll 



1 X3 







ll^ll 

_ X2X3 
xi\\x\ 

2 , 2 
^2+^3 



and 



1 

M 



\X4 



X2 
-Xi 

X4 
-X3 



X3 
— Xi 
-Xi 
X2 



Xi ^ 

3^3 
-X2 
-X\) 



Using these one can write down the formula of Te(T4^^;/) as an explicit integral 
over B'^ . 

An interesting problem is to find an integral expression for Te{W^^; f) with 
respect to other weight functions. One should perhaps start with the case that /i„ 
is given by the product weight function (|1.5(l . 

3.4. Modulus of smoothness, K-functional and best approximation. The 

property (5) of Proposition 13.41 shows that the following definition of the modulus 
of smoothness makes sense: 



Definition 3.9. Let r > 0. Define 

00 

n=0 

For f G LP(W^i^), l<p<oo, or fe C{B'^), define 
^{f\'t)wB ,p := sup 

9<t 

Because of Proposition l3.4l this modulus of smoothness is related to the modulus 
uJr{f',t)K,fj.,p, defined in (|2.8(l but associated with /i^^^. In fact, we have 

(3.10) uj{f;t)wB^.p^uJr{F;t)^,^,p, F{x,Xd+i) ^ f{x). 

Consequently, properties of ujrif',t)^rB p can be easily obtained from those of 
^r{f\t)f^^^^p (see Proposition 3.6 of [S7|). 



Proposition 3.10. The modulus of smoothness LUr{f',t)^/B p satisfies: 

(1) iUrif;t)wB^^p^O tft^O; 

(2) uJr{f',t)iYB ^^p is monotone nondecreasing on (0,7r); 

(3) UJrif + g,t)iYB^^p < UJr{f;t)wB^.p + UJr[g,t)wB^^p; 

(4) For < s < r, 

^r{f\t)wB^,p < 2[(--^+l)/2]^^(/.t)^,^_^. 
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(5) // {-Dl^ff e LP{W^J, k e N, then for r > 2k 

< ct2V-2fe((-i?f,^)'=/;i)w«_,p- 

To justify the definition of this modulus of smoothness, we show that it is equiv- 
alent to a K-functional, defined using the differential-difference operator associated 
with W^i^ (see (ESI)- Let 

where the fractional power of ^ on / is defined by 

oo 

i-Dl j/'f - + 2K + 2^))'-/^ proj^ /, / e L^iW^.,,). 

n=0 

The K-functional between LP{WI^) and Wp(W^^) is defined by 

(/; ,P inf { 1 1 / - 5 1 1 w-^ ,p + 1 1 {-D^'^'g 1 1 w-^ } , 
where the infimum is taken over all g e W^(VF^^). 

Theorem 3.11. For f e LP{W^^^), l<p<oo, 

Proof. Again let F{x,Xd+i) — f{x). Denote by Kr{F;t)K.,p.p the K-functional 
defined in (|2.9|l but with respect to the weight function hf. ^. Because of (|3.1U|I and 
the equivalence between Kr{F;t)K.p,.p and U!r{F;t)K^p^r (see Theorem 12. we only 
need to show that Kr{f\t)-^B ^ = Kr{F\t)K,.^.p. 

It follows from (EU that || A^;[;F|U,^,p = ||L»f_^J||vi/B,,,p- Hence, 

Krif;t)wB^.p = inf |||F-5e|U,M,p + <n|A^;(j5e||«:,p,p| := K*{F]t)^,^,,p, 

where the infimum is taken over all ge{x,Xd+i) G VV^(/i^ ^) that are even in Xd+i- 
Evidently, K*{F\t)K^^^p > Kr{F;t)K..p.p. To complete the proof we show that 
K; = Kr. For any e >'o, fix a .g e W^iWl^) such that 

Kr{F; t),^^^p >\\F~ g|U,^,p + e\\ - Al'!^g\\^^^^p - e. 

Since h,^,^ corresponds to G x Z2, the spherical Laplacian Ajj^'^ commutes with the 
sign change in Xd+i. Consequently, setting (a;, x^+i) = [g{x,Xd+i)+g{x,~Xd+i)\/2, 
so that 5e is even in Xd+i, it follows that |j AJ^-^^eHk^^^p < \\A.'^'^g\\^^^^p. This 
and the fact that ||F — ge\\K,p,p < \\F — g\\K,,^L,p, as F is even in Xd+i, show that 
K*{F; t)K,^^^p < Kr{F; t)K,fj,,p + £■ As e > is arbitrary, the proof follows. □ 

One immediate consequence of the above equivalence is the following property 
of the modulus of smoothness, which does not follow trivially from the definition 
of ujr{f',t)wB ,p but it is clear for the K-functional. 

Corollary 3.12. For f G LP{W^^^), l<p<oo, 

'^r{f,St)wB^^p < C maJi{l,S''}u!r{f,t)iYB^ p. 
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The direct and the inverse theorems for the best approximation by polynomials in 
LP{Wi^^) is characterized in by the K-functional. The equivalence in Theorem 
13. Ill allows us to state the characterization in terms of the modulus of smoothness. 



Theorem 3.13. For f e Lp{W^^^), 1 < p < oo, 
On the other hand, 

n 

k=0 

Finally, let us mention that, by (|3.4|l . H3.8(l and 12.41) . 

Proj..^ / = / <^ Pn, where p„(t) = ^ +^+ /^ gA+^ft). 

Hence, all summation methods of orthogonal expansions with respect to VF^^ can 
be written in the form of / *k where gr is the same summation method ap- 
plies to the Gegenbauer series evaluated at point t = 1. Since Tg{W^^^] f), thus 
^r{f]t)-\^B^ p^ is defined in terms of 9^ the modulus of smoothness is a con- 

venient tool for studying the summability of orthogonal expansions on B'^. For 
various results on the summability of orthogonal expansions with respect to ^, 
see mi 1201 E1E3 ED and the references therein. 

4. Generalized translation operator and Approximation on T"^ 

Recall the weight function W'^ ^ defined in (|1.7|l , in which /i^ is a weight function 
invariant under a reflection group Gq and even in each of its variables. That is, /i^ 
is invariant under the semi-product of a reflection group Go and the abilian group 

zi 

The definition of LP{W]: 1 < p < oo, is similar to the case of Wj^^. The 
notions such as the space of orthogonal polynomials V^(VFj^) and the reproducing 
kernel P„(VF^^; x, y) are also defined similarly as in the case of W^^^. 

4.1. Background. Elements of V^(M^J^) are closely related to the orthogonal 
polynomials in V|„(tV^^). Let us denote by ip the mapping 

^■.{xu---,Xd)^B''^{xl,...,xl)€T'' 

and define (/ o . . . , Xd) = f{xi, . . . , x'^). The elementary integral 

dx 



1) / f{x^,...,x^)dx= f{xi,...,Xd) 



I B'^ Jt'' ^X\ ■ ■ ■ Xd 

shows that ||/||wjj^,p = 11/ ° i'\\wi!> ^^.p- The mapping P given by 
(4.2) P2^{x)^{R,,oij)(x) xeB"" 

is a one-to-one mapping between i?„ e V^(Wj^) and P2n G ^2n{^K,p'^'^2)j the 
subspace of polynomials in V|„(W^^^) that are even in each of its variables (invariant 
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under Zj). In particular, applying D^/b on P2n leads to a second order differential- 
difference operator acting on i?„. We denote this operator by D^^^j,- Then (|^) 

(4.3) Dl^R=-n{n + K + ^i)R, ReV^iWl^), 

For the weight function (|I.9|I . the operator is a second order differential operator, 
which takes the form 



1=1 » l<i<j<d ■' 4=1 ^ ^ 

(recall = Kd+i in this case). This is classical, already known in 3; at least for 
d^2 (see also [El Chapt. 12]). 

In the following, we also denote by projJJ''' : i^(Wj^) ^ "l^^(W^J^) the orthogo- 
nal projection operator. For / € -^^(W^J^), it can be written as an integral 

proj"-'' /(x) = a,,^ / /(2/)P„(W^J^; a;, y)Wl^{v)dy, 

where Pn{Wi[^;x,y) is the reproducing kernel of V^(Vl^^^). The relation (|4.1|) 
implies, in particular, that f|35|') 

(4.4) P„«,;a:,y) = ^ E (w^i^,; x^^ ^72^ ^ 

eez^ 

where x^^'^ = (y/xi, ■ ■ ■ , \/xd) and eu = (eiMi, . . . SdUd)- We define a useful opera- 
tor, V^^, acting on functions of d + 1 variables, 

(4.5) Vl^F{x,Xd+i) = |z E V^^^F{ex,Xd+i). 

The definition of V^^, is justified by the following fact: Let pC''^\t) denote the or- 
thonormal Jacobi polynomial of degree n associated to the weight function Wa.fiit) = 
(1 - t)"{l -h t)^ on t G [-1, 1]. Using the relation 

(4.6) ^C,^Ji) =p(A-l/2,-l/2)(l)p(A-l/2.-l/2)(2t2 _ 

we can write the reproducing kernel Pn{W^ ^] x,y) as 

Pn{Wl^;X.y)^p[^^^'-'^'-'^\l)Vl^ [p^+^-^-^\2(,yV2)2 _ (^l/2)_ 

where X^/"^ = {^xl, . . . , V'1~~N) ■ 

4.2. Generalized translation operator. The operator Vj'^ is used to define 
convolution operator on T'*: 

Definition 4.1. For f e L^{W^^^) and g e i^(u'A^+^; [—1, 1]), we define 

if g){x) = a„,^ f{y)Vl^ [g (2{X'/^^ l)] {Y^/^)Wl^{y)dy. 



a 
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Recall that \x\ ~ xi + . . . + Xd- Using (|4.1|l . it is not hard to show that / :*r^^ g 
is related to the convolution structure g on B"^ (Ell): 

Proposition 4.2. For f e L^{Wl^) and g e L'^{wx+^; [-1, 1]), 

((/ *L 9) o V-) (x) = ((/ o ^) <^ g(2{.}2 - 1)) (x). 

The generalized translation operator associated with W^^ ^ is again defined im- 
plicitly in terms of the convolution structure. 

Definition 4.3. For f e L^{W^^^), the generalized translation operator Tb{W^^^] /) 
is defined implicitly by 

(4.7) bx+J Te{Wl^;f,x)g{cos29){smef^+^'^de^{f*l^g){x), 

Ja 

where A = A^, for every g £ L^{wx+fj.). 

The definition of V^^ ensures that the generalized translation operator on T'^ 
is related to the one on B'^. This also shows that the operator Tg{Wi[^^; f) is 
well-defined. 

Proposition 4.4. For each x G T'^ the operator Tg(W^ ^; f,x) is a uniquely 
determined L°° function in 9. Furthermore, 

(4.8) {Te{Wl^-f)o4,){x)^Te{W^^^-fo^,x), x G T'^. 

The proof follows from the definition and the elementary formula cos 29 = 
2 cos^ 9 — 1] see |2H1. This relation allows us to derive properties of Tg{W'^ i^,^] /). 



Proposition 4.5. The generalized translation Tq{W'^ ^; f) satisfies the following 
properties: 

(1) Let fo{x) = 1, then Tg{W^ ^- /o, x) = 1. 

(2) Forf^L^Wl^), 

p(A.+p-l/2.-l/2), 

(3) Te{Wl^):Ui^Ui and 

oo (A»+M-l/2-l/2). 
^S\yy^,^,J) „(A, + u-l/2,-l/2)/,s V^^in J- 



71=0 



p^(A,+M-l/2,-l/2)^^^ 



(4) For0<9 <Tr, 

TeiWj.^-J) - / - 2 [\sm s)-^^^-'^ds Tt{Wl^; Dl^f){smt)'^^+'^dt. 
Jo Jo 

(5) For f e LP{Wl^), 1 < p < cx), or f e C{T'^), 

\\Te{Wl^;f)\\wT^j, < 11/11 and lim \\Tg{Wl^-J) - f\\^T = 0. 
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Proof. The property (1) is an easy consequence of H4.8|l and the property (1) of 
PropositionEH Let / G V„(T4^J^). Then foip e V2„(W^^^). Hence, by Proposition 

m 

This proves the properties (2) and (3) upon using the relation (|4.2|) . Let / = 
Ecfci?fc, e Vn(Wl^). By P = i?o e V„(W^i^^). Then 

(4.9) {Dlj) o V = - ^ cfcfc(fc + A, + o V. 

= -2-^ Cfe2fc(2fc + 2A„ + 2^i)P2k 

= 2-1 ^ cuDl^P2k = 2-'Dl^{f o v.), 

from which (4) foUows from the property (4) of Proposition FinaUy, a change 
of variables x ip{x) shows that 

\\T0{Wl^;f)\\wi^,p = \\Te{Wl^,-J)oM\wB^.p = ^; / o V-)!! w«^,p, 

which is less than or equal to ||/ o "011 ,p = ll/llw^ .p by the property (5) of 
Proposition 1^31 D 

Using the relation to /), we can derive from Theorem 13. 61 an integral 

formula for Te{W^-f), where Wj^{x) = {xi ■ ■■Xd)-^''^{1 - \x\Y-^/^. One inter- 
esting question is to find such a formula for the classical weight function in 

In the case of d = 1 and = ^2, the weight function W^J^ becomes the Jacobi 
weight function w^,^{t) — 2''+^t''(l — on [0, 1] (see (|1.9|l ). whose corresponding 
orthogonal polynomials are Pn^'^^ {2t — 1). The orthogonal expansion of / in Jacobi 
polynomials is defined by 

oo .1 

/(t)^^a„(M"''')(t), where a„(/) = / f{s)pt^\s)ds 

n=0 -^-1 

and = J^^Wa,/3{s)ds. The usual generalized translation operator, Sgf{t), for 
the Jacobi expansion is an operator defined by (|3]) 

oc 

Sefit) ^ ^a„(/)p("''^)(cos%("''^)(t). 

We should emphasis, however, that the operator Sgf is different from the case 
d = 1 of the generalized translation operator Tg{W^ f). Even in the case of 
a = X + ~ 1/2 and /3 — —1/2, they are different as can be seen from Proposition 
14.51 The convolution structure of the Jacobi expansions defined via 3$ has a natural 
extension to the product Jacobi weight functions on the unit cube [—1,1]'^. The 
convolution structure defined above works for W^^ ^ on the simplex. 

4.3. Modulus of smoothness, K-functional and best approximation. We 

can also define a modulus of smoothness on T'^ using the generalized translation 
operator; that is, for r > 0, define 

Mf;t)wT^p ■.^snp\\{Te{wZ^)-rr/'f\\wT,p. 
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Evidently it is related to the modulus of smoothness on the unit ball B . The 
following relation follows immediately from Proposition ^31 and H4.1|l . 

Proposition 4.6. For / e L^(TyJ^), 

Properties of w^l/; i)vKj^.p can be derived from the corresponding ones of a;,-(/o 
ip;t)iYB J, in ProDOsition KS.lOl We will not write these properties down. The modu- 
lus of smoothness LOr{f', i)w'^ ,p ^-l^o equivalent to the K-functional Kr(f; ,p 
defined in [37]. The definition is exactly the same as the one for 

Krim^T^^p := inf {ll/ - ffll^.^^p + , 

where the infimum is taken over all g e VV^(VFj^). The space W^(W^J^) is defined 
as its counterpart on i?**. 

Theorem 4.7. For f e LP{W^^^), 1 < p < oo, 

Cl^rif',t)wT ^ p < Kr{J]t)y^T ^ .p < C2LOr{f \t)'^YT ^^p. 

Proof. Because of Proposition 14. 61 and Proposition 13. Ill it suffices to show that 

Kr{f; t)wl^,p = Krif O 2t)wB^,p- 

By and (jUJ 

Krif; t)wi^,p = inf {ll/ o ^ - .g o nwB^,p + 2''r|| i-Dl^Y'^g o V)ll 

= inf {ll/ o V. - .gollw«,„p + 2'^i''ll(-^f,^)''/'5ollH'«^,p} 

:= K*{f o^;t)^^B^^p, 

where the infimum is taken over all go such that go = g o ip ^ The 
definition clearly shows that 

Krif;t)wl^.,p = K*{f,t)v^B^^p > Krif OTp;2t)iYB^^^p. 

We prove that the reverse inequality holds. For any 5 > 0, fix a ,g e Wr (^/^m) 
such that 

Krif; 2t)wi^^p > 11/ - g\\w-^,p + 2^e\\i-D^^j/'g\\^B^^p - S. 

Let 50(2;) = 2~''X]egz'' Ri^)9i^): where Rie)g{x) := giex) for e £ Ij^- Then go is 
even in each of its variables. We claim that J?(e)D^^ = ^Rie). Indeed, since /i„ 
is even for each of its variables, it is invariant under Zj, so that i?(e)A;j = AhRie) 
and, furthermore, 

(x, V)i?(£)g(a;) ='^Xieidigiex) = Ris){x,'^)gix), 

the claimed equality follows from the definition of ^. It follows that 

\\i-D^,,y^'9o\\wB^^p < 2-'J2\\(-^^,,y^'^(^)9\\wB^.p < \\i-D^,,r^'g\\wB^,p. 
Clearly, we also have 

ll/o'/'-5o||w,i^^,p < 2-^^^11/0 V-i?(e)ff||wB^,p = \\f 9\\w^_^,p- 
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Consequently, since go is even in each of its variables and go G it follows 

that 

if;(/;i)v^-,,P < \\f - 9o\\w-^^,p + 2^e\\{~Dl;)^'^g4ws^^^^ 

< 11/ - 9\\w-,,p + 2^t^\\{-DU/^g\\^u^^^ 

< Kr{f;2t)wT^,p + 6. 

Since 5 is arbitrary, this completes the proof. □ 

Again, the above equivalence allows us to state the following important property 
of the modulus of smoothness. 

Corollary 4.8. For f e LP{WI^^), 1 < p < oo, 

'^r[f,5t)^rT^ .p < c max{l,(5''}wr(/,t)vi/j^,p. 

Furthermore, we can state the direct and the inverse theorems for the best ap- 
proximation by polynomials in LP{Wi[ given in terms of the K-functional in |37| . 
in terms of the modulus of smoothness. 

Theorem 4.9. For f G Lp{W^^^), l<p<oo, 
On the other hand, 

n 

Let us point out that in the case of d = 1, tOrif] t)w'^ ,p is a modulus of smooth- 
ness for the Jacobi weight function Wk,^ on [—1,1]. However, it is different from the 
modulus of smoothness defined in the literature using the generalized translation 
operator Se (see, for example, |31 |S] for r = 1). Using the convolution structure, 
we can write 

prok,/ = g„(t)=p(^+--i/^-i/^)(l)p,l^^-i/^'-V2)(,) 

Hence, all summation methods of orthogonal expansions with respect to W^^^ can 
be written in the form of /*k ^iffr, where gr is the same summation method applies 
to the Jacobi series with {a,f3) = {X + ii— 1/2,-1/2). Consequently, the modulus 
of smoothness can be used to study the summability of orthogonal expansions on 
the simplex. 
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